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Abstract—An inverse Doppler shift occurs in a photonic
crystal (PC) bounded by a moving wall. The interpretation
of this result has stirred some controversy. In this paper, we
address the problem using a diagrammatic approach. This visual
representation provides immediate insight into the phenomenon,
and is a powerful tool for the design of time-varying PCs.
I. INTRODUCTION
There has been a recent interest for space-time (S-T) sys-
tems. S-T systems simultaneously transform the spatial and
temporal spectra of electromagnetic waves, which gives rise
to a variety of novel effects and potential applications. In this
paper, we study the S-T system depicted in Fig. 1, which con-
sists of a photonic crystal (PC) bounded by a moving mirror.
The wall can be experimentally implemented by modulating a
PC with a shock wave as in [1]. This structure has been shown
to generate harmonics obeying the inverse Doppler effect [1]–
[3], and has generated some controversy regarding the physical
interpretation of this phenomenon [4], [5]. We address here
the problem using a diagrammatic approach inspired by works
done in the 1960’s on periodic space-time systems [6]–[9].
II. PC BOUNDED BY A STATIONNARY WALL
We first study the case of a PC bounded by a stationary
wall to introduce the approach and the terminology.
The dispersion equation for a periodic structure with
an infinitesimally small modulation of the refractive index,
∆nÑ 0, is given by
pk ` 2mpi{aq2 “ pωn{cq2, m “ . . . ,´2,´1, 0, 1, 2, . . . (1)
where a is the period of the PC. As ∆n increases, the
corresponding dispersion curves differ from the infinitesimally
small modulation curves essentially only at their intersections,
where stopbands opens up as a result of Bragg diffraction. The
dispersion diagram for such a periodic medium is shown in
Fig. 2. The incident wave is concentrated on the fundamental,
n “ 0, space harmonic in the figure. Since the wall is
stationary, the temporal frequency of the reflected wave is
unchanged, ωr “ ωi. Therefore, the solutions lie on the dashed
horizontal line. For small modulations of the refractive index,
it is sufficient to consider only the fundamental (n “ 0) and
next few harmonics (n “ ˘1,˘2) [7]. We only represent the
first negative harmonics in the diagram, because these exhibit
interesting physics, as will be shown next.
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Fig. 1: Semi-infinite photonic crystal (PC) of period a
bounded by a mirror moving in the negative z direction with
velocity v ă 0 , at three time instants. The incident wave is
propagating in the positive z direction.
III. PHOTONIC CRYSTAL BOUNDED BY A MOVING WALL
We now want to solve the case where the wall is moving.
The medium has not changed, and so the same dispersion
relation holds. However, the boundary condition at the wall
must be treated differently. For this purpose, we superimpose
on the previously described dispersion diagram the axes corre-
sponding to a frame of reference moving with the wall, using
the Lorentz transform for spatial and temporal frequencies, as
ω1 “
1a
1´ pv
c
q2
pω ´ vkq , (2a)
k1 “
1a
1´ pv
c
q2
´
k ´
v
c
ω
c
¯
. (2b)
The k1 axis corresponds to ω1 “ 0, or ω “ vk while the ω1
axis corresponds to k1 “ 0, so k “ v{c2ω, where v ă 0 consis-
tently with Fig. 1. One next draws an isofrequency line parallel
to the k1 axis. This line intersects the dispersion diagram at
a series of new points on the positive and negative space
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v Fig. 2: PC dispersion diagram, in
blue, with superposed (ω, k) and
Lorentz transformed (ω1, k1) axes. In-
cident, I , wave is on fundamental
harmonic. Reflected harmonics are at
intersections with isofrequency lines
and are indicated by R, in red, for
the stationary wall and R1, in green,
for the moving wall. We notice an in-
verse Doppler shift for the R1
´1
,R1
´2
solutions. The slope of the isofre-
quency curve in the moving frame is
the velocity of the wall v
harmonics. Projecting this points to the rest-frame frequencies
(ω) reveals that the negative harmonics (n “ ´1,´2), on the
right side, have been down-shifted, whereas the fundamental
n “ 0 reflection harmonic has been up-shifted. This means
that an inverse Doppler shift effect has occurred in the negative
harmonics.
From this point, the frequencies of the reflected field are
readily found from basic geometry as
ωref,m “ ω
`
1´ v
c
˘
`
1` v
c
˘ `
2pim
a
v
1` v
c
, (3)
and are identical to the the analytical result in [10]. Note that
under the substitution m “ 0, this relation reduces to the
regular Doppler effect, where the reflected wave has been up-
shifted to the frequency ωref,0 “ ωp1´ v{cq{p1` v{cq due to
the fact that the wall is approaching.
IV. DISCUSSION
We diagrammatically found that the negative harmonics
experience an inverse Doppler shift. These harmonics all have
positive phase velocity (vph “ ω{k) and negative group
velocity (vgr “ Bω{ Bk), and hence correspond to negative
index media. This is consistent with the 1968 prediction of
Veselago [11] that negative index media leads to inverse
Doppler effect.
The reflected wave is a combination of the aforementioned
harmonics. In order to obtain a global downshift effect, two
strategies can be combined. The first would consist in mini-
mizing the number of generated harmonics by substituting the
moving wall to a smoother discontinuity. The second would be
to design the PC so that the undesired n “ 0 space harmonic
falls into a bandgap, as illustrated in Fig. 2.
V. CONCLUSION
We have diagrammatically solved the problem of electro-
magnetic scattering for a wave normally incident on a photonic
crystal bounded by a moving wall. This approach may be
extended to the case of oblique incidence that will be also
presented at the conference. Given its great simplicity and
deep insight, the proposed diagrammatic approach may find
wide applications in S-T electromagnetic systems.
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